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POPULATION DYNAMICS CONTROL IN REGARD TO MINIMIZING THE TIME NECESSARY FOR THE REGENERATION OF A BIOMASS TAKEN AWAY FROM THE POPULATION (*)
D
Abstract -The dynamics of a population whose mathematical model is the équation of Verhulst is considered From the population by discrete outer effects (in theform of impulses) a certain quantity ofbiomass is taken away (supplemented) This process is descnbedby means of differential équations with impulses at fïxed moments The moments of impulse effect and the magnitudes of the impulses are determined so that the time of régénération of the quantity of biomass taken away from the population be minimal

I. INTRODUCTION
In the paper the équation of Verhulst is mvestigated :
at K which describes the dynamics of many populations. In (1) N = N(t) >0 dénotes the biomass of the population at the moment / s= 0, K > 0 is the capacity of the environment and JJL > 0 is the différence between the birthrate and the death-rate. We assume that at the initial moment t = 0 we have
where 0 < N o < ^ .
A frequently occurring situation is that, when the population is subject to outer effects, anthropogeneous ones included. We shall consider the case when the outer effects are discrete in time and are expressed in abrupt (instantaneous) taking away or supplementing of certain quantities of biomass. The differential équations with impulses are an adequate mathematical model of such dynamical processes [l]- [4] . Consider the impulsive analogue of the équation of Verhulst :
where T 1S T 2 , ... (0<T 1 <T 2 <=... ) are the moments at which the discrete outer effects are realized, also called moments of impulse effect ; I t , i = l, 2, ... are the quantities of biomass taken away (I l >0) or supplemented (ƒ, < 0) respectively at the moments T |S I = i, 2, ... We shaïl consider the important in regards to the applications in the biotechnologies case of taking away of biomass, i.e. I t =2= 0, / = 1, 2, ... The solution of problem (3), (4), (2) is a piecewise continuous function with points of discontinuity of the fïrst kind TJ, T 2 , ... at which it is continuous from the left. We shall note that for T, <C t ^ j t +19 i = 1, 2, ..., the solution of problem (3), (4), (2) coincide with the solution of équation (1) with initial condition
Since the solutions of problems (1), (5) for t => T Ï5 i -1, 2, ..., are monotone increasing functions, then in a certain time after the moment T I5 the population will regenerate its biomass which it had at the moment T t (just before the taking away of the biomass). This time we shall call time of régénération of the biomass taken away at the moment T, and dénote by AT ( 
. It is clear that if T, + x -T ; = AT ( , then N(r t + ATJ = N(*T t ).
Let a certain quantity of biomass be planned to be taken away from the population by several consécutive discrete outer effects. We shall dénote this quantity by /. It is natural to assume that the quantities of biomass taken away at a single moment are bounded below, i.e. / 0 =s ƒ, , i = 1,2, ..., where 0 < / 0 < K.
The aim of the present paper is to find the moments T 1S T 2 , ..., of impulse effect at which biomass is taken away, as well as the quantities I u I 2 ,... of biomass taken away so that the sum of the times of régénération of the quantities of biomass taken away be minimal.
H. PRELIMINARY NOTES
In the form of lemmas we shall give some inequalities which are useful for the further considérations. is strictly monotone decreasing, i.e. that the inequality is valid. For this purpose we establish that which implies that the function <p' is strictly monotone increasing for X s* 1. Moreover,
Hence <p'(X)<0 for X^l, i.e. the function <p is strictly monotone decreasing. Thus Lemma 3 is proved.
LEMMA 4 [5] : Let f :R^> R and for any two points I u I 2 € R we have
Then for any «^2 we have
7(/i)+/(/ 2 ) + •••+ƒ(/"
where ƒ b / 2? ..., I n e R.
The proof of this well known assertion can be found for instance in [5] .
We shall make some remarks :
Equation (1) is Bernoulli's, hence its solution can be found in quadratures. The solution of the initial value problem (1), (2) 
«.(!.(*-.) f).
Since the function (7) is strictly monotone increasing for t s* 0, then it has an inverse function : 
M-_ i
From (8) we obtain immediately that for 0 < I < K and 0 < N < AT -ƒ,
£.1
In particular, for N -2 ' Remark 1 : The above theorem allows us to claim that the time of régénération of the quantity of biomass I t taken away at the moment T, is minimal if the moments of impulse effect T, satisfy the equality
The impulse effects /,, i = 1, 2, ..., satisfying the last equalities will be called centered. From the above inequality by means of (10) it is seen that
For the right-hand side of (12) 
I) (KIy
From the last inequality, in view of (13) and (14), we get (12).
Remark 2 : Theorem 2 shows that the time of régénération of the biomass / taken away by an arbitrary outer effect is not smaller than the sum of the times of régénération of the same biomass taken away by several centered impulse effects. Remark 4 : Theorem 4 will be given the following interprétation. Let a quantity I be taken away from the biomass of the population investigated in the form of discrete outer effects. Moreover, let the quantity of biomass which can be taken away at a single moment, be bounded below by the positive constant / 0 . Let n be the greatest integer in --. Then the minimal time of régénération of the quantity / taken away from the biomass of the population considered is realized by n centered discrete outer effects of magnitude -. n For these initial data we have : n = 3 ; ^i «= 69.034 ; T 2 == 91.466 ; T 3 «1 13.897 ; I x = I 2 -I3 = I/n « 16.67 and the minimal time of régénér-ation of the biomass taken away is 3 AT « 67.294.
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